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CALCULATION OF THE NORM OF THE ERROR FUNCTIONAL 

OF OPTIMAL QUADRATURE FORMULAS 
IN THE SPACE Vl^f '^^(0, 1) 

A.R.Hayotov 

Abstract. In this paper in the space W^2' ^'^(0,1) square of the norm of the error functional of a optimal 
quadrature formula is calculated. 
Q ■ MSG 2000: 65D32. 

O ; 

04 , Key words: optimal coefRcients, error functional, norm of fuctional. 

Q ■ Many well known mathematicians be occupied with construction of optimal formulas for 

^ : approximate integration. Full bibliography by this direction can be found in books |1.2.3.4|. 

In works [5,6] in space ^K— 1)^0,1) was considered problem of construction of the optimal 
' quadrature formulas of the form 







TV 

p{x)ip{x)dx ^ ^C^v9(x^) 

/3=0 



with error functional 

N 

> ; i{x) = p(x)£[o,l](x) - ^ C/35{X - X/3), 

o 
o 



where Cfs and Xfs G [0, 1] {(3 = 0, A^) are called coefficients and nodes of the quadrature formula 
(1) respectively, p{x) is a weight function, £[0,1] (x) is the characteristic function of the interval 
^ ■ [0,1], S{x) is Dirac delta function, and ip{x) is such a function, that is contained in Hilbert space 

norm of functions in which is defined by formula 

^. ; Mx)\wt'"'-'\0,1)\\ = { [ {^^"^\x) + ^^^-'\x)Y dx 







Note that in work [5] was found the extremal function and with its help following representation 
of square of the norm of the error functional (2) was obtained: 

N N 



13=0 /3'=0 
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2^^0(3 j p{x)iJm{x - xp)dx + j j 



p{x)p{y)'il)m{x - y)dxdy 



(3) 







where 



, , , signx I — e ^ x'^'' ^ > , ^ , 
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Moreover, the error functional (2), as shown in [5], satisfies following orthogonality conditions 



(£(a;),x") = 0, Q; = 0,m-2, (5) 

(£(x),e--) = 0. (6) 
The norm (3) of the error functional i{x) is many-dimensional function of the coefficients Cp 



{P — 0,N). Since error of the quadrature formula (1) is estimated from above by the norm of 
the error functional £(x) in conjugate space, then in order to construct the optimal quadrature 
formula of the form (1) it is required to minimize, taking account of conditions (5) and (6), 
square of the norm (3) by coefficients Cp when the nodes are fixed, i.e. we need find condition 
minimum of square of the error functional norm in conditions (5), (6). 

Further in [5], applying the method of Lagrange undetermined factors, for finding of minimum 
of square of the error functional norm following discrete system of Wiener-Hopf type was 
obtained 



N 1 



7=0 

} 

C^x^ = / p{x)x'^dx, a = 0, m - 2, (8) 

7=0 { 

} 

J2 C-ye-''^ = / p{x)e-''dx, (9) 

7=0 / 

where i^ra{x) is defined by formula (4), Pm-2{x) is unknown polynomial of degree m — 2, d 
is unknown constant. And also existence and uniqueness of the solution of this system were 
proved. 

In [6] when xp — h(5, P — 0,N, h — j^, N — 1,2,... the system (7)-(9) was solved and it 



was found the analytical representations of the coefficients Cg {(3 = 0, A^). The coefficients for 
which minimum of square of the error functional norm is attained are called by optimal. In 
particular, for m = 2, p(x) = 1 following theorem was proved 

Theorem 1. The coefficients of optimal quadrature formulas of the form (1) in the space 

(2. 1) 

W2 ' (0, 1) when p{x) — 1 have following view: 



h - K{h) [(Ai - e^)\1 + (Aie'^ - l)Af "'^j , (5 = 1,N-1, (10) 
^^4^-X(/i)(Al-Af)e^ P^N, 
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where 



{2e^-2-he^-h){\,-l) 



_ h{e^^ + 1) - e^^^ + 1 - (e'^ - l)y/h^{e^ + l)^ + 2h{l - e^) 
- 1 - e^'^ + 2he^ • ^^^^ 

Present paper is direct continuation of works [5,6]. Aim of given work is with using theorem 

1 to calculate the square of the norm of the error functional (,{x) in the space 

Following is take placed 

TeopeMa 2. For square of the norm (3) of the functional (2) of optimal quadrature formula 
(1) when p{x) — 1, xp — in the space W^'^^*{Q, 1) following equality is valid 

2 _h-' /^(2 - - 3e^^) + 4 + 2e^ + 6e^^ 

IIWII^^(2,i>(o,i)- ;^2^ 4(1 _ 6/^)2 + 



+K{h) 



(Af + A^)(l + e^) - (Af +^ + Ai)(l + 2e^) 
2(1 -Ai) 

2(1-Ai)2 



(Ai - e^)^(Af - Aie^) - (1 - Aie^)^(Ai - Af e'^^ 
^ 2(l-Aie'^)(Ai-e'^) 
where K{h) and Ai are determined by (11) and (12) respectively. 

Proof. The system (7)-(9) for m — 2, p{x) = 1, a;^ = h(3 have form 

} 

J2 C^MhP - hj) + Po{hf3) + d e~^l^ = - h(3)dx, (13) 

n *^ 



7=0 
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E^7 = l> (14) 

7=0 

TV 

^ C'^e"'^^ = 1 - (15) 

7=0 

Then for square of the norm (3) of the functional l{x) we obtain 

||£(a;)||^ = ( E ^/3'^2(/i/9 - hfi') - [ - hP)dx\ - 

/3=0 \P'=0 - ' 
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/3=0 



Hence, taking into account (13), we have 



AT 
f3=0 



AT 1 11 



-Y.cJ*M-md.+ l U-M-y)d.iy. (16) 

^=0 

From here, taking account of (4), for integrals of (16) we get 

} , , + c-'' ' + c'-''' + c'''-' 4 ijv^f + (1 - 
Mx-h(3)dx = ^ (17) 



1 1 

f f - 1 7 

/ / ip2{x - y)dxdy = -. (18) 



In representation (16) of the error functional norm polynomial Po{h[3) = bo and constant d 
are unknowns. For ||£(a:)|p, using (14), (15), (17), (18), we have 

N 
13=0 



1 ^ 1 ^ 2 _ 1 7 



2 ^ ' ' 2 ^ ' ' 2e 6 

0=0 13=0 

The equality (13) take placed in any h(3 when (] = 0, N, h = j^, i.e. is identity by powers hp 
and e'**^, e^^'^. Equating coefficients of the left and the right sides of (13) in front of e"'*^ and 
constant term, by using theorem 1, equalities (4), (14), (15), (17), for d and bg we get 

AT 



2 2\l-e^ 1-Aie'* \i-e^J 4^ ^ 



1 + e 
4 ' 

7=0 



= 2(1^ + ^^"^ (T^ + (T^ " 2 ^ ^-(^^^^ + 4' 

where ai = X(/i)(e'^ - Ai), b^ = i^(/i)(l - Aic'*). 

Then from (19), taking account of d and 6o, using identities 

A-A^+i-iVA^(l-A) 

^^^^ (T^Ap ' 

7=1 ^ ' 

2 ^ A^(A^ + A + iV^(l - A)=^ + 2Ar(A - A^)) A^ + A 
^ ~ (A- 1)3 (A- 1)3 

and theorem 1, after simplification we get the statement of the theorem 2. 
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